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Abstract. We study theferromagnetic(FM) Kondo lattice model in the strong-coupling

limit (the double-exchange (DE) model). The DE mechanism proposed by Zener to explain
ferromagnetism is found to have unexpected properties when there is more than one itinerant
electron. We find that, in general, the many-body ground state of the DE moulet ggobally

FM ordered (except for in special filled-shell cases). Furthermore, the low-energy excitations of
this model are distinct from those in usual Heisenberg ferromagnets, which will result in unusual
dynamic magnetic properties.

The double-exchange (DE) model [1-3] has attracted much recent attention [4-12]
because of its anticipated relevance to the Mn oxide perovskite , BaMnO3; (A =
Ca Sr, Ba, Pb) materials exhibiting colossal magnetoresistance (CMR) [13-17]. To explain
the ferromagnetism in these Mn oxides, Zener [1] introduced a DE mechanism, in which
local § = 3/2 spins of the three Mny¢ d electrons become ferromagnetically coupled
due to coherent hopping ofyeelectrons. Due to the coupling between the spin, lattice
and orbital degrees of freedom, the CMR materials have unusual dynamical magnetic
properties compared to the ferromagnetic (FM) Heisenberg model [18, 19]. Very recently,
a surprising experimental observation via inelastic neutron scattering showed that the spin-
wave dispersion in Lg;Phy3MnO; can be fitted throughout the Brillouin zone [20] by
a FM Heisenberg model with nearest-neighbour exchange coupling. For a theoretical
understanding of these unusual magnetic properties in the real materials, it is important
to first understand the intrinsic magnetic properties of the DE model. Here, we show that
these properties are not those of a simple FM.

The DE mechanism can be derived from the following (FM) Kondo lattice model
Hamiltonian [2, 4]:

H=-—t Z c;[acja —Jy Z S,; - aa,gcjac,-,g Q)
(i.))e iaf
whereo is the Pauli matrix and; is the local spinS = 3/2 of three Mn {4 d electrons.
The operators;, (C,-Ta) annihilate (create) a mobilg, &lectron with spinx at sitei. The
DE mechanism requires the Hund'’s rule couplifg > ¢/S.

The DE model was studied by Anderson and Hasegawa for a single electron on two
sites [2]. The model (1) was also studied in a spin-wave approximation [4, 21], mean-field
approximations [4, 10, 11], the dimensiédh= co andS = oo limit [6], and a coherent-state
path integral approach in a semiclassical approximation [7]. In these approximations, the
magnetic properties of the DE model are described by an effective-FM Heisenberg model.
However, the DE model describes a partiatiperant magnetic system, which may behave
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differently. In this letter, we present finite-size exact-diagonalization and analytical results
for the magnetic properties of the DE model. In 1D, we show that the ground state (GS)
of the model (for periodic boundary conditions (PBC) ansl 0) is a spin singletS’ = 0)

for even numbers of electrons, and maximally polariz€d= S’ ,. = NS + n/2) for odd
numbers of electrons, wher®€ is the number of sites, and is the number of electrons.
This property was also discovered numerically for short spin-1/2 chains by Kubo previously
[22]. For evenn, there are states in each spin sedfox S/ . which are lower in energy
than that of the FM GS [23]. In 2D and 3D, we find numerically on up@8d 4 lattice

sizes that the GS is not maximally polarized for general fillings. The low-energy excitations
of the model are also different from those of the Heisenberg FM for fillings loth a FM

GS and a non-FM GS, yielding distinctive spin susceptibilities.

Let us first discuss the GS properties of the model (1). The Hamiltonian (1) conserves
total momentumi, total spinsS’, and S!. For the FM states [24]§' = S .. It can be
easily seen that the wavefunctions of FM eigenstates are simply the Slater determinants
of spinless fermiongky, ko, ..., k,) ® |[FM), with energy) . (—JuS + €x,), whereey, is
the non-interacting electron dispersiofi-M) denotes the FM state for local spins. We
will denote the lowest FM eigenenergy bfj,. For our numerical calculations, we set
t =1, Jy = 40 for the GS and/y = oo for spin excitations and susceptibility. In the
manganese perovskitds= 3/2; however, we will take§ = 1/2 for most of our numerical
calculations. Sample calculations were repeated for smaller systerfis=at3/2, with
qualitatively similar results.

For one electrorin = 1), it can be shown analytically that in the ground stsite= S’
for Jy > 0, which is consistent with the DE mechanism. At half-filling= N, however,
there is an induced AFM couplingt?/Jy; between spins due to the Pauli principle; thus the
GS at half-filling is AFM [25]. What happens for general fillings? In 1D it is straightforward
to show that non-FM ground states exist for periodic systemsavéten in the limit where
the local spins are classicé$ — oo). Consider a 1D ring where the local spins uniformly
circle the north pole at an anglke The magnitude of the effective hopping; is reduced
as 6 increases, but an additional magnetic flux (a Berry phase) is simultaneously added.
It is easy to verify that for large/y the change in energy IAE = —cit?Sirf(9)/Jy,
where ¢; is a positive constant for an even number of electrons. For fifjte the
Berry phase reduces the total energy more thanincreases it, and the spins prefer to
lie on the equator. For finiteS, one can show [26] that the leading Sl correction is
AE = —c1t?sirf(0)/Jy — colt| sirf(0)/S, wherec; and ¢, are positive constants for an
even number of electrons. Quantum fluctuations also favour a single twist state with spins
lying in the equator.

In 1D, the GS for any even number of electrons- 2m (m integer) is non-FM for any
N and S (for r > 0) [27]. This can be proven by constructing the following wavefunction
with ' =S/ . —1[28]:

W) = S, (qo)lvag — CS; () !, c-mqor IVAQ @)

with [vag = cf;_,,. ¢, +I0IFM) andgo = +27/N. Here we have usef; (q) =

> eel(S + ch,T) andC = 1/(2NS + 2m). It can be shown that the variational energy

E, < Ey, so there is at least one eigenstate with= S’ . — 1 and energy less thakHo.

The difference between even and odd numbers of electrons arises as follows: in the FM
states, the electrons fill the non-interacting states up to the Fermi level; for an odd number
of electrons, thetk,-states at the Fermi level are all filled; for an even number of electrons,
only one of thetk,-states is filled. Due to this degeneracy, the wavefunctions (2) have an
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energy lower tharEg. In 1D systems, we calculated the GS and some low-energy excited
states using Lanczos methods for sizes upVte- 16,n = 2, andN = 10,n = 6. We find
that the GS always ha$ = 0 andK = = for even numbers of electrons, asti= S/, .
and K = 0 for odd numbers of electrons. These exact-diagonalization results in 1D are
consistent with a previous calculation described in reference [22].

The trial wavefunction in 1D can be extended to gendbafor two electrons. We
denote the zone centia = 0 with (lowest Bloch) energy,, and the first excited states
with energye; by Q;, withi = 1,..., M (M > 2). Then we can write a wavefunction

with §' = §; . — 1 as follows:

M
W) =" 57 (@) ebyel g, 10)IFM), )
i=1

The variational energy i€, = Eq — (€1 — €g)(M — 1)/(2SN + M + 1). If the number of
sitesN > 2, the energy differenc&y, — E, is finite. We speculate that the GS of model
(1) is non-FM in higher dimensions whenever the single-particle states at the Fermi level
of the FM GS are not completely filled. This has been confirmed in our finite-size exact-
diagonalization calculations. From the single-electron dispersion of the non-interacting
systems, we see that the filled-shell cases are 1, 7 fox/i& +/8 lattice and 1, 5, 9 for

the +/10 x +/10 lattice. For these fillings, we find that the GS is FM. The more numerous
non-filled-shell GSs have

S'=0(2),1/2(3),0(4),1/2(5),0(6),0(8) for N =8
S§'=0(2),5/2(3),4(4),7(6) for N =10
ST=0(2 for N = 16.

(The numbers in parentheses are the numbers of electrons.) In all of these cases the ground
states are non-FM. One different feature in a 2D (&/§0 x +/10) lattice is that the ground

states are not necessarily at the smaltésor non-filled-shell cases. But for all of the cases

that we have checked, there is at least one state in¥aehS?  sector which has an energy

lower thanEy. For larger clusters, e.g?6n = 2,3,4),8% (n =2,3,4), 3 (n =2, 3) and

43 (n = 2,3), we have confirmed [26] that the GS in t5¢ = S,..x — 1 sector is lower

than that in theS! = §,,.. sector. We also calculated the 1D and ZDB= 3/2 cases up to

N =8 andn = 4. The results are similar to those f8r= 1/2.

In the above calculations, we have used PBC. Anti-periodic boundary conditions do
not change the qualitative results except that the filled-shell and open-shell cases will be
changed. For open boundary conditions (OBC), the FM states are more robust: the GS in
1D hasS' = S,.. [22]. (See reference [29] for a more detailed study of the 1D system
using OBC.) We find, however, that the GS can still be non-FMDin- 1 finite clusters
(2 x 3,3 x 4, etc) even with OBC. For the remainder of this report we will use PBC.

What is the magnetic structure of the non-FM GS?rnAt N, the GS is AFM on a
bipartite lattice, as described above. /At 2, the GS also ha$’ = 0, but the spins have
local FM ordering, which is evident in the correlation functions (see table 1 foxa 42D
lattice). For other fillings with non-FM ground statés< S/, ., and the magnetic structures
are most likely to be locally but not globally FM ordered (see figure 1). For non-OBC 1D
systems, the local spin structures apéral with a pitch equal to the length of the chain [22].
This can be seen in the correlation functi@$; x S2) - (S; x S; 1)), which is only weakly
dependent o and has magnitude (0.25 sin2z/N))? [26]. Preliminary numerical results
suggest that the 2D and 3D non-FM GS is also non-collinear for non-filled-shell cases. The
details of the spin structures for 1D and higher D are not the major concern here and will be
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Figure 1. The correlation functionwifn/.‘jl), (n‘l’nj‘.’+1), (81+8Sj41) forthe IDN = 10,n = 4,
S = 1/2 system. The curves are rescaled to fit on the same graph, so only the relative magnitudes

are representative.

Table 1. The GS static correlation functions for 2V, = 16 (4 x 4),n = 2, S = 1/2. (S; - S)
is the correlation function of the total spifiocal + itinerany. The index for site(iy, i) is
labelled as =iy +4(i, — 1).

Q) ) i) (Si-S))

1,2 0.003264 0.001489 0.1655
1,3 0.005771 0.002301-0.0131
1, 6) 0.005771 0.002301-0.0131
1,7 0.008117 0.002820-0.2333
(1,11) 0.010515 0.003084-0.5559

discussed elsewhere. What we can conclude from these correlation functions (see figure 1
and table 1) is that the spin-up electrons are repelled from spin-down electrons, and the
local spins with greatest separation are anti-parallel; thus there is local (i.e. FM domain)
but not global FM ordering.

Equally importantly, forboth FM and non-FM GSs, the excitation spectra of model
(1) are also unusual. For the open-shell fillings, the low-energy excitation spectrum is
complicated [26] and we cannot interpret the low-lying = 1 states as quasi-spin-wave
(SW) states (see figure 2(c)). For the filled-shell cases, there are quasi-SW excitations
where the dispersion softens at large(or high energy) (see figure 2(b)) due to a ‘spin-
polaron’ effect: ask increases, the electrons increasingly avoid the flipped spin, so the
effective spin—spin couplingg becomes smaller. In figure 3(a) we show explicitly the
SW dispersion softening for different filled-shell cases. One can show using, e.g., a Bethe
ansatzthat then = 1 excitations shown in figure 3(a) cannot have an energy greater than
2t[1—cogq/N)]. Infigures 2 and 3 the effective spin—spin couplihgs extracted from the
low-energy SW excitations [26]; the dispersion of the SW excitations is rescaled to coincide
at K = 0,27/N. In figure 3(b), we also show the spectral weight W |S; (K)|¥o)|?,
where| W) is the FM GS wavefunction and/k ) is the SW wavefunction with momentum
K. This spectral weight should be proportional to the neutron scattering cross-section at
the SW frequency. From figure 3(b) we can see that the spectral weight decreases at
large K due to the spin-polaronic effect noted above. The multi-magnon states in the
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Figure 2. Low-energy excitation spectra for 1 = 10 systems. (a) The Heisenberg system;

(b) the filled shell,n = 3; (c) (rescaled byx2) the unfilled shellz = 2. Note that the high-
energy (high-momentum) spin-wave states (grey symbols along the vertical line) in (b) show
softening as compared to those in (a) (see figure 3). The lowest multi-magnon states (single-
magnon and FM states are also included) are the black symbols on the thick lines in (a) and (b).
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Figure 3. The dispersion and spectral weight of SW statesvat 20,n = 1,3,5,7. The

lower four curves are SW dispersions. The solid line is the cosine curve, i.e. SW dispersion in
the Heisenberg system. Paramete§s= 1/2, Jy = oco. The upper curves are their spectral
weights, P = C|(Wk |S; (K)|Wo)|2.

filled-shell DE model also behave differently from those in the FM Heisenberg model
(see figure 2(a)). In the Heisenberg model, the lowest cly®) is not linear, due to
interactions between magnons, as shown in figure 2(a). In the DE model, the lowest-energy
multi-magnon states have momentungo and AEY, =~ = m AEjltqO with high accuracy,
where AEY is the energy difference between tiwemagnon state with momentu&i and

the ground state. This linear behaviour persists for different system sizes and different
filled-shell cases. It is surprising that this linear behaviour is accurate even-foagnon

states with large momentumqy, if one notes that there is substantial energy softening in
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the large-momentum SW states. However, the ‘sum ral&” . = >", AE] for
multi-magnon energies is not satisfied, if different-momentum (@.g4 ¢;) SW states or
higher-momentum (e.dg;| > 2qo for at least one) SW states are involved. So this linear
behaviour in equation (2) is not due to the absence of magnon—magnon interaction in the
DE model.

The energy shifts in the SW states and low-energy multi-magnon states discussed
in the previous paragraph may affect the low-temperature spin susceptibilities. At high
temperatures, the spin excitations are coupled to the charge excitations, and the spin
susceptibility will also be changed. We have calculated the spin susceptibility fav b
7.8,9,10,n = 2,3, and 3DN = 2%, n =1, ..., 8 lattices [26]. We have also calculated
the properties of the DE model with a high-temperature series expansion for bajh the
coordinated Bethe lattice and the simple cubic lattice [30]. The results in the DE model
cannot be rescaled into those of the Heisenberg model.

In 1D we have shown that the GS for even numbers of electrons is a spin singlet, while
for odd numbers the GS is maximally polarized. In 2D and 3D, we find numerically that the
GS is non-FM for open-shell fillings for finite clusters up toahd 4. From the results in
the 1D classical spin limit, the energy differences between the non-FM GS and the lowest
FM state scale as/N3. Because of the filling dependence, it is difficult to extrapolate the
GS properties to the thermodynamic limit. Although the non-FM states are not maximally
polarized, locally there still exist FM correlations. It is also conceivable that this model
may haveglobal FM ordering in the thermodynamic limit. However, such a recovery of
global FM ordering from the non-collinear spin states is non-trivial. This distinguishes the
DE system from the Heisenberg system. We also find that even for the filled-shell cases, the
spectrum of low-energy spin excitations is different from that in the Heisenberg FM, which
can show up in the finite-temperature spin susceptibility. The softening of large-momentum
SW states and the decrease of the spectral weight should be observable via neutron scattering.
The anomaly in the low-energy multi-magnon spin excitations may also be observable in
non-linear multi-magnon neutron experiments. The recently observed spin-wave dispersion
in Lag 7Py 3sMnO3 measured via neutron scattering [20] can be well described by the FM
Heisenberg model [20, 21]. However, we note that the model Hamiltonian (1) does not
necessarily fully describe the magnetic properties of CMR materials: additional spin—lattice
and spin—orbit coupling probably play important roles [7, 9]. The recovery of Heisenberg
ferromagnetism may be due to the inter-orbital electron—electron interactions [26]. There
is also experimental evidence for slow ‘spin’ dynamics [18, 19] which cannot be explained
by the simple FM Heisenberg model.

In this work, we have shown that the DE model has unusual magnetic properties. The
GS of the model is not maximally polarized for open-shell cases. In the DE model (1),
there are @QV) S* < S}, states with energy lower than the FM GS enefy except for
in special filled-shell cases. This was shown in 1D for any system/Xia@d spinS. Our
exact-diagonalization calculations also confirmed this for highedusters up to 8and 4.

The spin correlations show that the non-FM low-energy states have local FM-domain-like

structures (spiral ordering in 1D). Our calculation also shows that even for filled-shell cases
the spectra of low-energy multi-magnon states and high-momentum SW states are different
from those in the usual Heisenberg model.

We would like to thank E Abrahams, J L Birman, D Cai, T Egami, R Heffner, M F Hundley,

M B Salamon, Z B Su, Z Tesanovic, W Z Wang, and C Yu for helpful discussions. The
work at Los Alamos was performed under the auspices of the US DOE, and supported
(SAT) by CULAR funds provided by the University of California.
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Note added in proofAfter this paper was submitted, we received a prepriniffb A Kaplan anl S D Mahanti.

They also calculated the SW dispersion of the DE model for a small number of electrons or hSles 3t2.

They conclude that the deviation of the SW dispersion from that of Heisenberg model will vanishcadé a
concentratiorr ~ 0.1-0.5. We have calculated the SW dispersion for arbitsaand larger systems, which gives
results consistent with theirs. However, even for fillings where the SW dispersion agrees well with that in the
Heisenberg model, the wavefunctions constructed using the SW operator are not a good approximation to the
eigenstates. These results will be presented elsewhere.
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